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Abstract 

Let (X, d, fi) be a space of homogeneous type, i.e. the measure fi satisfies dou- 
bhng (volume) property with respect to the balls defined by the metric d. Let L 
be a non-negative self-adjoint operator on L?'{X). Assume that the semigroup of L 
satisfies the Davies-Gaffney estimates. In this paper, we study the weighted Hardy 
spaces H^j^^{X), < p < 1, associated to the operator L on the space X. We 
establish the atomic and the molecular characterizations of elements in H^^{X). 
As applications, we obtain the boundedness on H^^{X) for the generalized Riesz 
transforms associated to L and for the spectral multipliers of L. 
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1 Introduction 



The theory of Hardy spaces has been a central part of modern harmonic analysis. While 
the classical Hardy spaces on R" can be characterized by certain estimates via the Lapla- 
cian, the study on the Hardy spaces associated to operators has been intensive recntly, 
see for example |ADMt IDY21 IHMl IHLMMY] and their references. Here we will give only 
a brief account of some recent studies. In [ADMj . the Hardy spaces associated to an 
operator L was introduced and studied under the assumption that the heat kernel of L 
satisfies a pointwise Poisson upper bound. The BMO space associated to such an L was 
introduced in |DY1] and it was shown in |DY2] that the BMO space associated to L is the 
dual space of the Hardy space H^, associated to the adjoint operator L*. Recently the 
Hardy space associated to Hodge Laplacian on a Riemannian manifold was studied in 
[AMRj . Meanwhile the Hardy spaces associated to a second order divergence form elliptic 
operator L on R" with complex coefficients was investigated in |HM] . The study of the 
Hardy spaces Hf^{X), 1 < p < oo, on a metric space X associated to a non-negative self 
adjoint operator L satisfying Davies-Gaffney estimates was carried out in |HLMMY] . 

It is natural to study weighted Hardy space Hf^ ^, 1 < p < oo associated to an operator 
L with an appropriate weight w. It is known that the classical weighted Hardy spaces 
if^(M") can be considered as weighted Hardy spaces associated to the Laplacian. See, for 
example, [G], |ST] and their references. 

This paper is inspired by the recent work of Song and Yan |SYj in which they intro- 
duced the weighted Hardy spaces H^^iW^) associated to an operator L initially defined 
on L'^[W^) with the assumptions that L is non- negative self-adjoint on (assumption 
(HI) in Section 3.1) and that L has Gaussian heat kernel bounds (assumption (H3) in 
Section 3.1). As an application, it was shown in |SY] that when the operator L is the 
Schrodinger operator with a non-negative potential, the Riesz transform associated to L is 
bounded from the weighted Hardy space i^];^(R") to the classical weighted Hardy space 

Him- 

In this paper, we extend the work in |SY] on Hl^iW") in several aspects. We define 
and study weighted Hardy space H^^{X) in the general setting: 
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(i) The underlying space X is a space of homogeneous type, i.e. a metric space with 
doubhng property. 

(ii) The index p is in the range < p < 1. 

(iii) L is assumed to satisfy the weaker assumption of Davies-Gaffney estimate (as- 
sumption (H2) in Section 3.1) instead of the stronger assumption of Gaussian heat kernel 
bound. 

In comparison with |SYj . our approach is different from that in |SYj . Let us remind 
that the Gaussian heat kernel upper bound and the setting of Euclidean space M" seem 
to be indispensable and play an essential role in the approach of |SY] . One of the key 
estimates used in |SY] is the equivalences of different weighted area integral norms in |ST] . 
Moreover, their approach relied heavily on a geometric argument. However, in the setting 
of homogeneous spaces without Gaussian upper bound condition, it is not clear whether 
or not their approach still work. In this paper, using the different approach by introducing 
new weighted tent spaces (see Section 3.3) and exploiting the similar approach to that 
of [HLMMY] , we extend the results in |SY] to spaces of homogeneous type X under the 
weaker assumption of Davies-Gaffney estimate. 

To demonstrate practical applications of our study of weighted Hardy spaces, we con- 
sider certain singular integral operators whose kernels are not smooth enough for the 
operators to belong to the class of standard Calderon-Zygmund operators. We show that 
some of these singular integrals are bounded on weighted Hardy spaces associated to an 
(appropriate) operator L. 

The layout of this paper is as follows. In Section 2, we review the concept of doubling 
space and the main properties of the Muckenhoupt weights and reverse Holder weights. 
In Section 3, we introduce the weighted Hardy spaces associated to operators H^^{X) 
for < p < 1 by using the area integral norm, then obtain an atomic characterization 
of elements in H^^{X). In Section 4, we show that certain singular integral operators 
are bounded on Hf^ wi-^)- These operators have non-smooth kernels and they include the 
Riesz transforms associated to magnetic Schrodinger operators, Riesz transforms associ- 
ated to an operator and spectral multipliers of non-negative self-adjoint operator. 

After finishing our paper, we had learned that in |YYj the authors studied Musielak- 
Orlicz Hardy spaces associated to such an operator L. However, it seems that there are 
some differences in obtaining the atomic decomposition of the weighted tent spaces and 
the condition on the weights between our paper and |YYj . Moreover, the the kind of 
singular integrals considered in our paper is also different from that in |YY] . So, the 
results obtained in this paper are still interesting in their own rights. 
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2 Preliminaries 



2.1 Doubling metric spaces 

Let X be a metric space, with distance d and is a nonnegative, Borel, doubling measure 
on X. Throughout this paper, we assume that = oo. 

Denote by B{x,r) the open ball of radius r > and center x G M, and by V{x,r) its 
measure fi{B{x,r)). The doubling property of /i provides that there exists a constant 
C > so that 

V{x,2r) <CV{x,r) (1) 

for all X G X and r > 0. 

Notice that the doubling property ([1]) implies that following property that 

V{x,Xr) <CX''V{x,r), (2) 

for some positive constant n uniformly for all A > l,x G M and r > 0. There also exists 
a constant < N < n such that 

V{x,r)<c{l + ^^Yv{y,r), (3) 
uniformly for all x,y E X and r > 0. 

To simplify notation, we will often just use B for B{xbiTb) and V{E) for ^{E) for 
any measurable subset E d X. Also given A > 0, we will write \B for the A-dilated ball, 
which is the ball with the same center as B and with radius r\B = Ar^. For each ball 
5 C X we set 

Sq{B) = B and Sj{B) = 2^B\2^-^B for j G N. 

2.2 Muckenhoupt weights 

Throughout this article, we shall denote w{E) := J^w{x)dfi{x) for any measurable set 
E <Z X. For 1 < p < oo let p' be the conjugate exponent of p, i.e. l/p + l/p' = 1. 
We first introduce some notation. We use the notation 

1 f 

h{x)d^,{x) = / h{x)dfi{x). 

B y{B) Jb 

A weight 1(7 is a non-negative measurable and locally integrable function on X. We say 
that w G Ap, 1 < p < oo, if there exists a constant C such that for every ball B G X, 



w{x)dfi{x)^ ( j- w-^^^P-^\x)dfi{x)y < C. 



'B ' ^JB 

For p = 1, we say that w E Ax'ii there is a constant C such that for every ball B G X, 



-f w{x)d^{x) < Cw{x) for a.e. x G B. 
Jb 
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The reverse Holder classes are defined in the following way: w G RHg, 1 < g < oo, if there 
is a constant C such that for any ball B G X, 

The endpoint g = oo is given by the condition: w G RHoo whenever, there is a constant 
C such that for any ball B G X, 

w{x) < C A' w{y)dn,{y) for G B. 

Jb 

Let w G Ap, for 1 < p < oo, the weighted spaces can be defined by 

/ • / f{xYw{x)diJL{x) < oo 



X 



with the norm 

Ilph = ( / f{xYw{x)dfi{x)Y/P 



X 



We sum up some of the properties of Ap classes in the following results, see |Du] . 
Lemma 2.1 The following properties hold: 
(i) Ai G Ap G Aq for I <p < q < oo. 
(a) RHoo G RHg G RHp for 1 <p < q < oo. 

(Hi) If w & Ap, 1 < p < oo, then there exists 1 < q < p such that w G Ag. 
(iv) If w & RHg, 1 < g < 1, then there exists q < p < 1 such that w G RHp. 

(v) v4oo = Ul<p<oo^p C Ul<p<oo-R-f^p 

Lemma 2.2 For any ball B, any measurable subset E of B and w G Ap,p > 1, there 
exists a constant Ci > such that 

^\V{B)J - w{B)' 
If w E RHr,r > 1. Then, there exists a constant C2 > such that 



w 
w 



(B) ^^nB)) 



From the first inequality of Lemma 12.21 if w E Ai then there exists a constant C > so 
that for any ball B G X and A > 1, we have 

w{XB) < CWw^B). 
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3 Weighted Hardy spaces associated to operators 

3.1 Definition of weighted Hardy spaces 

In this paper we consider the following conditions: 
(HI) L is a non-negative self-adjoint operator on L^(X); 

(H2) The operator L generates an analytic semigroup {e^^^}t>o which satisfies the Davies- 
GafFney condition. That is, there exist constants C, c > such that for any open subsets 

Ui, U2CX, 

|(e-*Vi,/2)| < C^exp (- Vt > 0, (4) 

for every /j G L'^{X) with supp fi C Ui, i = 1, 2, where dist(f/i, U2) := infa.g[/j ^gj/j d{x, y). 

(H3) The kernel of e~^^ denote by pt{x,y) which satisfies the Gaussian upper bound. 
That is, there exist constants C, c> such that for almost every x,y E X, 

It is not difficult to show that condition {H3) implies {H2). 
Let L be an operator satisfying (HI) and {H2). Set 



n{L) = {Lu G L\X) : u G L\X)}. 



It is known that L'^{X) = n{L) ®Af{L), where 7^(L) and Af{L) stand for the range and 
the kernel of L, and the sum is orthogonal. 

For w G Aoo and < p < 00, the Hardy space H^^{X) is defined as the completion 

of 

{/G7^(L):||5z./||GL^H} 

in the norm W/WhI jx) = ||'S'l/||lp(«,), where 

t^Lr^ m2 dfJ^iy) dt 



SLf{x) = { / \t'Le-'''^f{y)\ 



d(x,y)<t V{Xy t) t J 



Remark 3.1 When w = 1 the Hardy spaces Hf^^{X) were introduced in fHLMMY^ and 

p = 1. The particular case whenp = 1, X = MJ^, and L satisfies (HI) and (H3) the Hardy 
space H\^{X) was studied in \SY^ . 

We next describe the notion of an (M, p, w)-aiom and a (M, p, w, e)-molecule associated 
to the operator L. 
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Definition 3.2 Suppose w G Aoo- We say that a function a G L'^{X) is an {M,p,w)- 
atom associated to an operator L, if there exists a function h which belongs to D{L^), the 
domain of L^^ , and a hall B of X such that 

(i) a = L^^b; 

(ii) suppL'^fo C 5, /c = 0, 1, . . . , M; 

(ill) \\{rlL)%\\L.^x)<rf'V{BYlMBY''^k = QA,...,M. 

Definition 3.3 Suppose w G A^o- We say that a function m G L'^{X) is a {M,p,w,e)- 
atom associated to an operator L, if there exists a function b which belongs to D{L^'^), the 
domain of ; and a ball B of X such that 

(i) a = L^^b; 

(ii) \\{rlLfb\\L2^s,m < 2-^V2f \/(2^-5)V2^(2J5)-Vf, = 0, 1, . . . , M anc? j = 0, 1, . . .. 

It is not difficult to show that an (M, w)-atom associated to the ball B is also a 
(M, p, w, e)-atom associated to the ball same ball B. 

We will say that / = J2j "^j^j an atomic (M, p, w)-representation if {Aj}°^Q G P, 
each aj is a {M,p,w)-atom, and the sum converges in L^(X). Set 

^Lwati-^) {f '■ f has an atomic (M, j9, w)-representation} 
with the norm 

II/IIh|^ ^{x) = l-^il^) • / ~ ''^^■^j^j atomic (M,p, M7)-representation}. 

i=o j 

3.2 Finite propagation speed for the wave equation 

Let L satisfy (HI) and (-^2) and let -K^cos(tv^) t>e the kernel of the operator cos(tvT)- 
Then there exists a constant cq > such that 

suppi^eos(tyi) C {{x,y) e X X X : d{x, y) < Cot}, (6) 

see for example [S]. 

Lemma 3.4 Let Lp G C^(]R) be even and suppy? C {—Cq^.Cq^), where Cq as in Let 
$ denote the Fourier transform of ip. Then for every G N and t > 0, the kernel 
^(t2L)fe*{tVL) of {t^Lf^{ty/L) satisfies 

suppfs:(^2i)fe$(t^) C {(x,?/) G X X X : d{x,y) < t}. 

Lemma 3.5 Let L be an operator satisfying (HI) and (H2). For every k = 0,1, . . ., the 
operator {tL)^e~^^ satisfies Davies-Gaffney estimates (H2). 

For the proof we refer the reader to Lemma 3.5 in |HLMMY] . 
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3.3 Weighted tent spaces 

For the measurable function F defined on X x (0, oo), we set 



\Jr(x) V{x,t) t } 



Tix) 

where r(x) is the cone {{y,t) : d{x,y) < t}. 

For < p < 1 and w G Lj^^^X) we introduce the tent space T'p{w) as those functions 
F such that AF G Wiw) and we set ||-F||rp(ui) = Note that our weighted 

tent spaces T'^{w) can be considered an extension of those in |CMS] when w = 1 and 
X = R"'. In the case that w = 1, we write T^(X) instead of Tp{w). Another version of 
weighted tent spaces was used in |HSVj but this version is not suitable to our purpose. 

Given the ball B we denote by B the tent over B, i.e, B = {{y,t) : d{x,y) + t< r}. 
Now a function a{y,t) is said to be an T^(w)-atom whenever it is supported in B and 

.MB{y,t))dfi{y)dt\y^ 1 



B 



Let W{y,t) = ^hen the LHS of ([7]) is just || '^IU2(VK)- It is not difficult to check 

that an T^(w)-atom belongs to T'^{w) for w G fl RH 2 . 

2-p 

An important result concerning weighted tent spaces is that each function in Tp[w) 
has an atomic decomposition. More precisely, we have the following result. 

Theorem 3.6 Let w e Ai f] RH 2 and F G Tp{w),0 < p < I- Then there exist a 

2-p 

sequence of T^{w)- atoms {aj}j and the sequence of numbers such that 

F = J2 (8) 

j 

and 

Y.\^^\'<c\\FrTn^y (9) 

j 

Moreover, if F E Tp{w) nT^(X) then the series in ^ converges in both T^{w) and 
T\X). 

Before giving the proof for Theorem 13.61 we need the following technical lemma which 
is an extension of |HSVt Proposition 3] to spaces of homogeneous type. 

Lemma 3.7 Let w G A^o and B a ball in X . Then there exists a constant C such that, 
for every measure function F defined on X x (0, 00) and every measurable set E G B, we 
have 

^w{B{y,t))dfi{y)dt f |.,i;.wx|2 



\F{y,t)\' < C / \A{F){x)\'w{x)d^,{x), 

B\n Viy^t) t Jb\e 

where VL = {x E B : M.{xe){.x) > 7} for 7 G (0,1), 7 sufficiently small (IM is the 
Hardy- Littlewood maximal function). 
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Proof: Set S = {ix,y,t) E iB\E) x {B\n) : y E T{x)} and S{y,t) = B{y,t) D iB\E). 
For {y,t) E B\Q we can pick xq such that Xq ^ Q and Xq E B{y,t) C B. This imphes 
-^Xisl^o) < 1, and hence 

M5(2/,t)nE) <7V(i/,t). 

Due to w e Aoo, this imphes w{B{y, t) n E) < 'yCw{B{y, t)). 
This together with B{y,t) C -B gives 

w{B{y, t) n > (1 - jC)w{B{y, t)) 

provided with 7 is small enough. 

Then we have 

2w{B{y,t))diJ,{y)dt f ^ f 1 \j 1 ^ d-M dt 



\Fiy.t)\' ,V 7 ^ ^ / 1^(2/'^)! / wix)dfiix 

B\n V{y,t) t Js Js(y,t) V{y,t) t 



= C / \F{y,t)\M^)dfi{x 

Jb\q ^ yiJi ^) 1^ 

<C [ w{x)([ \F{y,t)\^P^^)d^^{x) 
Jb\e ^Jr(x) V{y,t) t J 



' B\E ^Jr{x) 

= C [ A'^{F){x)w{x)dfx{x). 

J B\E 

This completes our proof. 

We now prove Theorem 13.61 

Proof of Theorem [Xl' For G Z let Ek = {x : AF{x) > 2*^} and = {x : 
■M{Xe^){x) > 7} for some 7 E (0,1). Then E^ C and fj,{flk) < Cfi{Ek) for all k. 
Moreover since w E Ai we also obtain w{Qk) ^ C{w)w{Ek) for sufficiently small 7. It 
can be verified that suppF C Uflk- 

For each k, due to |CWt Theorem 1.3, Chapter III] we can pick a family of balls {Ql.}j 
of satisfying the following three conditions: 

(i) rik = UjQi; 

(ii) there exists a constant k, which depends only of X such that Ylj Xgi ^ 

(iii) there exists a constant Cq such that CqQI H {QkY 7^ 0- 
Taking Ci > Cq + 1 and setting B^ = CiQl. we have 
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with 

Ai = Bin (Qi X (0, oo)) n (f2Al^fe+i). 
We define 4 = 2~'^''+^^w{Bly^/PFxAi and A^^ = 2'^''+^')w{Bly/P. Then obviously, 

Moreover, we have, by Lemma [3.71 

JBi\n,+, y[y,t} t 

< cwiBiy-^/p. 

Therefore, a], is a multiple Tp(w) atom by a constant. 
Furthermore, we have 

Since {Qi}j is finite overlap, we have 



k 

= C J]2P(^+^)w{x : AF{x) > 2^=} 



k 



At this stage, the same argument as in |JY[ Proposition 3.1] shows that if F G T^iw) fl 
T^(X) then the identity ([H]) converges in both Tp{w) and T^(X). 

Let us denote by T^{w) and T^{X) the spaces of those functions in T'^iw) and T^i^X) 
with bounded support respectively. The following result will play an important role in 
the sequel. 

Lemma 3.8 For w € v4i fl RH 2 . the space T^{w) andT^{X) coincide for all p & (0,1]- 

2-p 
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Proof: The same argument as in [UMSl p. 306] gives Tp{X) C T^iX) for all p G (0, 2]. 
By Holder inequality we obtain T^{X) C Tp{X) for all p G (0,2], and hence Tp{X) and 
T2(X) coincide for all p G (0, 2]. 

Suppose that / G T^^(-'f) with supp/ C K for some bounded set K. Then there exists 
a ball B D K such that supp^/ C -B. By Holder inequality we have for all p G (0, 1] 

M/IIl.h= / \Afix)\Mx)df^{x) 

J B 

p/2 - /• . . 2^ 



Since w G fl RH_2^ there exists c(p, w, S) such that 



2-p 



/. 2-p 

^ <c{p,w,B) 



This implies \\Af\\l,^^^ < c\\f\\T^x). Therefore, T^{X) D Tp{w) for all p G (0,1]. 

Conversely, for any / G Tp{w) with supp/ C ii' for some bounded set K. Let B be 
the ball satisfying K C B and supp^/ C B. For any < r < p we have 

T'-(x) = ii^/rL.(x) = / i^/(a;)rrf^(x)= / i^/(x)ru;(x)'-/^^(x)-'^/^rfMx) 

J B Jb 

r/p 



Since w G Ai, g Aqq. This implies is a doubling measure. So, 



It therefore follows T^{w) C T^''(X). At this stage, using the fact that T'J(X) and T'^{X) 
coincide, the proof is complete. 

3.4 Atomic characterization of weighted Hardy spaces H^^{X) 

Let (p and $ be as in Lemma E31 Setting, ^(t) = t2(Af+i)$(^)^ ^ ^ ^j^g^ fo^ all 
/ G -^v^(X X (0, C)o)), the set of all functions in L^(X x (0, oo)) with bounded support, and 
for X G X, define 



7r^,Lf = C^ Vl/(tv/L)(/(-,x))(t)-, 

Jo ^ 



where is a constant such that 



Jo ^ 
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Proposition 3.9 Let L satisfy (HI) and (H2), M > ^^^^|^, p G (0,1] and w E Ai n 
RH_2^ . Then 

2-p 

(i) the operator tti^j,, initially defined on T^{X), extends to a bounded linear operator 
fromT^{X) to L'^{X). 

(a) the operator tt^i^l, initially defined on T^{w), extends to a bounded linear operator 
from TP (w) to HlJX). 

Proof: (i) The proof of (i) is standard and we omit tlie detail. 

(ii) Let / G T^iw). It is easy to see that / G T'^{X). Then by Theorem 13.61 we have 



in L? with and {Aj} satisfying ([8]) and ([9]). Since Sl is bounded on L^, we obtain 
that 



\^Lv{w)- 



We now claim that n^/^iaj) is a multiple of an {M,p, w) atom for each j. Indeed, we can 
write TCqj^L^j) = L^'bj where 



fe. = / t^^H^L^{tVL){aj{-,t)) 



dt 



Let us note that for each j there exists some ball Bj such that suppa^ C Bj. Therefore, 
by Lemma [3.41 we have suppL'^foj C Bj for all /c = 0, . . . , M. On the other hand, for any 
h G L'^{Bj), by the Holder inequality we have 



r'^g.Lfhj{x)h{x)d^{x) 



dt 



t^'"{rl^L)H^L^tVL){aj{-,t)){x)h{x)jdfi{x) 



xx(o,oo) V'la;,^) w(5(a;,t)) t / 

^ df \ 1/2 

|(t22,)'=+i$(tvT)(x)/i(x)p-d/i(x)) . 

'Xx(0,oo) ^ ^ 

Since {x,t) G -Bj, the ball B{x,t) C -Bj. Using the fact that w E Ai, we have 



w{B{x,t)) - w{Bj 



for all (x, t) G -Bj. 
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Therefore, we have 

{rl.L)%{x)h{x)dij{x) 



\0'\\L-^(W)\\lt'\\L-^{Bj) 



< Cr 



CTl';V{B,YlMBjV\\h\WiB,y 



This imphes 7r^,Lai) is a multiple of an (M,p, w) atom for each j. 

To complete the proof, it is suffice to show that for any {M,p,w) atom a in 
we have 

II^LallLP(^) < C. (10) 

Indeed, we write 

/ \SLa{x)rw{^)di,{^) 

J X 

oo « 

= V / |5ia(x)r^/;(a;)d/x(x) 

oo 

For j = 0, 1, 2 we have, by Holder inequality, L^-boundedness of Sl, and w e Air\RH_2_, 



li < WSLaE 



L2 



< C\\a\\l,V{2^B)~P/^w{2^B) 

< CV{BY'^w{B)-W{2^B)-Pl^w{2^B). 



w{2^B) ^ ^V{2^B) 



Since w & Ai, we have 

V 

~w{B) - " V{B) 
This implies 

Ij < CV{Bf''^-W{2^Bf-P'^ < C for j=0,l,2. 

For j > 3, we have 

< \\SLa\\l, 



~A ' <C\\SLa\\l,V{2^B)-P/^w{2^B) 
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To estimate HASiaH^a, we write 

=ji+ J2, 

where a = L^^b. 

Setting Fj{B) := {y : d{x,y) < for some x e -5^(5)}, then d{B,Fj{B)) > 

By the fact that f^^^^y^^^ y^dfj,{x) < C, we have 



< 2-^^^V{B)w{B)-^/P. 
For the term J2 we have 

dt 



00 



dt 



Combining above estimates of Ji and J2, using w e we have 

Ij < C2-'^^P^V{2^B)-P/^w{2^B)V{By/^w{B)-^ 
< C2-^^P^V{2^ B)-P/^V{2^ B)V{By/^V{B)-^ 

Since M > ^ - f , ||5ia||LP(^) < C. 

Theorem 3.10 Let L satisfy (HI) and (H2). Let M > and w e Ai. If f e 

Hf^^{X) n L^(X), then there exists a family of {M,p,w)- atoms {aj}°^Q and a sequence 
of numbers {Aj}°^Q such that f can be represented in the form f = Yl^o^j^j) ^''^d, the 
sum converges in the sense of L'^{X)-norm. Moreover, 

00 
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Proof: Let / G / G Hl^{X) n L'^{X). Then t^Le-^^^f G Tf{w)nT^{X). Then we obtain 

By using the argument as in Proposition 13.91 we complete the proof. 

Lemma 3.11 Suppose that T is a linear (resp. nonnegative suhlinear) operator which 
maps L'^{X) continuously into Let < p < 1 and w G Aoo- 

(i) If there exists a constant C such that 

\\Ta\\LP < C 

II II J^xu — 

for all {M,p,w)- atoms a, then T extends to a bounded linear (resp. suhlinear) 
operator from H^^{X) to U'{w). 

(a) If there exists a constant C such that 

\\Ta\\Hi jx) <C 

for all {M,p,w)-atoms a, then T extends to a bounded linear (resp. suhlinear) 
operator on H^^{X). 

The proof is similar to that of Lemma 4.3 in |HM] : hence we omit the details here. 

Combining Lemma [3.111 with the statement ffTOl) . we obtain the following result. 

Theorem 3.12 Given w e Ai r\ RH2 and M > ^ - ^. Let f = E^o-^i^' ^^^^^^ 
{Ajl^Q G F, aj's are {M,p,w)-atoms, and the sum converges in L'^{X). Then f G 
HlJX)nL\X) and 

00 00 
II VA,a, " < CV |A,f . 

3.5 Molecular characterization of weighted Hardy spaces H^^{X) 

The weighted Hardy spaces H^^{X) can be also characterized in molecular decomposi- 
tion. More specifically, we have the following result. 

Theorem 3.13 Let L satisfy (HI) and (H2). 

(i) LetM>l andw G At n RH 2 . /// G Hl^{X)nL'^{X), then there exists a family 
of {M,p,w,e) -molecules {m^j^Q and a sequence of numhers {Aj}°^Q such that f can 
he represented in the form f = Yl^o^j''^j> ^''^'^ ■^'""^ converges in the sense of 
L'^{X)-norm. Moreover, 

00 
i=o 
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(a) Conversely, given w & Ai H RH2 and M > ^ — f ■ Let f = J^JLo^j^^j) where 
{Aj}^o ^ rrij's are {M,p,w,e) -molecules, and the sum converges in L^(X). 
Then f e HIJX) n L\X) and 



j=0 ^'"-^ ' i=0 



Proof: (i) The proof of (i) is a direct consequence of Theorem 13. 10[ since an {M,p, w)- 
atom is also a {M,p, w, e)-molecule for all e > 0. 

(ii) The proof of (ii) is similar to that of Theorem 13.121 The main difference is that 
the support of (M, p, w, e)-molecule is not the ball B. However, we can overcome this 
difficulty by decomposing X into annuli associated with the ball B, then using the same 
argument as in Theorem 13.121 to get (ii). We omit the details here. 

4 Boundedness of singular integrals with non-smooth 
kernels 

4.1 Generalized Riesz transforms 

Assume that L satisfies (HI) and (H2). Also assume that D is a densely defined linear 
operator on L'^{X) which possesses the following properties: 

(i) DL"^/"^ is bounded on L^; 

(ii) the family operators {\/tDe^^^}t>o satisfies the Davies-Gaffney estimate (H2). 

Examples of such an operator D include gradient operator in the Euclidean space and the 
Riemannian gradient on complete Riemannian manifolds, see for example [X tlACDHjlCDj . 

Theorem 4.1 For any f G ^{X) for < p < I and w E AiD RH 2 . 



2-p 



\DL-'/\f)\\L.^^^<C\\f\\H.j^y 



Before giving the proof of Theorem 14.11 we state the following lemma. 

Lemma 4.2 For every M G N, all closed sets E, F in X with d{E, F) > and every 
f G L'^{X) supported in E, one has 

\\DL-'/\l-e-''^r'f\\,.^^) < c{^^^y\\f\\LHE), W > 0, (11) 

and 

/ f \ 

\\DL-'/\tAe-'^rf\\,.^^^ < W > 0. (12) 
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Proof: The proof is similar to that of Lemma 2.2 in |HMaj and we omit it here. 
We now prove Theorem 14.11 

Proof of Theorem \4. 1\ Choose M > Let a is an {M,p,w)-atom associated to a 

ball B. Then there exists b e L'^{X) so that a = L^^h. Setting T = DL-^/^, write 



II^'^IIlp{«>) = / \Ta{x)\^w{x)djj{x) 

J X 

< [ |T((/-e''^^)^'^a)(x)|^u'(x)rf/x(x) 
Jx 

+ [ \T{[I - {I - e'B^)''']a){x)\Pw{x)dij{x) 
= 1 + 11. 

We estimate the term / first. By Holder inequality, we obtain 



/ < V / |T((/ - e''B'')''a){x)\Pw{x)dij{x) 

OO « 



^ ^ k- 

k=0 SkiB) i^^Q 

For k = 0,1, 2, one has 

4 < C\\a\\l,^^^V{2''B)-P/^w{2''B) < CV{BY/^w{B)-^V{2^ Byp/^w{2^B) 
Since w G Ai, we have 

w(2'=5) „V^(2'=fi) 



This implies for k = 0,1,2 

h < CV{BY/'^~W{2^Bf-^'^ < C. 



For A; > 3 



||r((J-e^^^)^a)|U.(5,(^)) 



< C2 



'2Mk\ 



Therefore, 



4 < C2-^^'^P''V{BY'^w{B)-^V{2^B)-'P'^w{2^B) 

< C2-^^^P''V{By/^V{B)-^V{2''B)-P/^V{2''B) 

< C2-^^''p''V{BY'^-^V(2!'BY-'p'^ 



17 



Due to M > we obtain J2T=o < C. 



For the term J/, the same argument above gives 

oo „ 
oo 



A:=0 

oo 



Next we have 



I-{I-e 



1=1 



where q = (— 1)^+^ (Ai^ly.n ■ Therefore 



Ilk < C sup llTe "^s^all ^2(5^(5)) 

1</<M 



< C sup 

1</<M 



M 



2 r-lNA/, 



At this point, by the same argument as in the estimate 7^, we also obtain that // < C. 
This therefore completes our proof. 



4.2 Boundedness of Riesz transforms associated with magnetic 
Schrodinger operators 

4.2.1 Magnetic Schrodinger operators and heat kernel estimates 

Consider magnetic Schrodinger operators in general setting as in |DUYj . Let the real 
vector potential a = (ai, ■ ■ ■ , a„) satisfy 

afcGLL(M"), Vfc = l,---,n, (13) 

and an electric potential V with 

< V G LL(K"). (14) 
Let Lk = d/dxk — iak- We define the form Q by 



Q{f,9) = y2 / LkfLkgdx+ / Vfgdx 
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with domain D{Q) = Q x Q here 

Q = {/ G L^{W'),Lkf e L2(M") for A; = I,-- - ,n and W f G L^iW")}. 

It is well known that this symmetric form is closed and this form coincides with the 
minimal closure of the form given by the same expression but defined on C^(]R") (the 
space of functions with compact supports). See, for example 

Let us denote by A the non-negative self-adjoint operator associated with Q. The 
domain of A is given by 

©(A) = {/ G I?(g),3^ G L2(M") such that Q(/,¥?) = /" g^dx, G ©(Q)), 

and A is given by the expression 

n 

Af = Y,LlUf + Vf. (15) 

k=l 

Formally, we write A = — (V — ia) ■ (V — ia) + V . The operator A generates a semigroup 
e~^^ which possesses a Gaussian kernel bound. Indeed, by the well known diamagnetic 
inequality (see. Theorem 2.3 of [Si] and |CFKSj for instance) we have the pointwise 
inequality 

|e-*^/(x)|<e*^(|/|)(x) Vt>0, feL\W^). 

This inequality implies in particular that the semigroup e~^^ maps L^(R") into L°°(R") 
and that the kernel Pi(x, y) of e"*"^ satisfies 

\pt{x,y)\ < (47rt)-texp (- ^^^) (16) 

for all t > and almost all x,y G M". 

For k = 1, ■ ■ ■ ,n, the operators L^A"^/^ are called the Riesz transforms associated 
with A. It is easy to check that 

WLJWlHr^) < ||A'/'/I|l^(R"), V/ G V{Q) = ViA'/') (17) 

for any = 1, ■ ■ ■ , n, and hence the operators L^A"^/^ are bounded on L^(R"). Note that 
this is also true for V^^'^A~^^'^. Moreover, it was recently proved in Theorem 1.1 of |DOY] 
that for each k = 1, ■ ■ ■ ,n, the Riesz transforms LkA"^^'^ and V^^'^A'^^'^ are bounded on 
L^(M") for all 1 < p < 2, i.e., there exists a constant Cp > such that 

n 
k=l 
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for 1 < p < 2. 

The L^-boundedness of Riesz transforms for the range p > 2 can be obtained if one im- 
poses certain additional regularity conditions on the potential V, see for example |AB] . 

Let us recall that 

(i) In [DOYj . the boundedness of the Riesz transforms L^yl"^/^ and V^^'^A~^^'^ was 
proved for L^{W^) spaces with 1 < p < 2; 

(ii) Recently, [S] extended the results in |DOYj to weighted weak type L^'°° estimates 
and weighted estimates with an appropriate range of p (depending on the weight). 

(iii) For p G (0, 1], it was proved that the Riesz transforms LkA~^^'^ and V^^'^A~^^'^ are 
bounded from to L^, where Hj^ denotes the unweighted Hardy space associated 
to operator A, see |ADj . 

It is natural to ask the question of the boundedness of the Riesz transforms L^A^^^"^ 
and V^^/^y4~^/^ on the Hardy spaces with weights on the range < p < 1. Our aim in 
this section is to give a positive answer and establish the weighted estimates for Riesz 
transforms L^A"^/^ and V^^'^A~^^'^ for < p < 1. The main result of this section is the 
following theorem. 

Theorem 4.3 IfwGAi fl RH 2 then the Riesz transforms LkA^^^"^ and V^I'^A^^I'^ are 

2-p 

hounded from H\ ^ to for all < p < 1 . 
4.2.2 Proof of Theorem [4731 

The following propositions give the estimates for the operators L^A^^^"^ and V^^'^A~^^'^ 
which will be useful for the proof of Theorem 14.31 

Proposition 4.4 For all m > 1 there exists C > such that for all balls B and all 
f G L}{X) with support in B 

|^l/2^-l/2(j _ g-r|A^m^|2 rfa-j^ < C 2-2^(— I l/py^' (19) 



and for all k, 



( [ \LkA-'/\l~e-'"^^rf\^ dx)~' <C 2-2^('-"i)f [ \f\^Y\ (20) 

Proposition 4.5 For all m > 1 and t > there exists C > such that for all balls B, 
< t < r"^ and all f with support in B 

\V^I^A-^'\tAe-'^rf\^ dxf < C2-^^™( f l/l^)'^' (21) 



Sj{B) ' ^JB 
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and for all k, 

(f \LkA-^/\tAe-''^rf\^ dxY <C2-^'"'( f \ffy^\ (22) 



The proofs of Propositions 14.41 and 14.51 are standard and rely on the heat kernel esti- 
mates and we refer the reader to [ADj for the details of the proofs. From Propositions 
14.41 and 14.51 the following estimates hold. 

Proposition 4.6 There exists C > such that for any {M,p,w) atoms a associated to 
the ball B we have 

( f |r/M-i/2a|2 dxf < C 2-2-'(^-^)||a|U2 (23) 



and for all k, 

\LkA-'/'a\^ dxV" <C 2-^^^^'-'^\a\\L2. (24) 



Proof: Set T = 1/V2^-i/2 (q^, T = Lfc^-^/^). We have, for each (M,p, w;)-atom 
a = A'^^h associated to the ball B, 

Ta = T{I - e-''s^)*^a + T(/ - (/ - e-"s^)A^)o. 



Observe that 

M 



/_(/_e-i^)*^ = J] 



CfcC 



k=l 



where = (-1)^+^ ^^f^^,^, . Therefore, 

M 

[/-(/- e-^BA)M^a = J2a,T{rlAe-^'^l^) (r^^^^fo). 



A 

M 



k=l 

M 



where flfc = ^- 

At this stage, applying Propositions 14.41 and 14. 6t we obtain ( l23l) and ( l26l) . 



Proof of Theorem \4 ■ 3\ - By Lemma [3. Ill it suffices to show that for any {M,p, w)-atom 

a associated to the ball B with M > 1 + we have ||Ta||rP < C where T = ■5/1/2^-1/2 
or T = Lfcyl-1/2. 
Indeed, we have 

« 00 ^ 

||Ta||^p = / \Ta\'^w{x)dx = / \Ta\^w{x)dx 

Jx ,_ n JS,(B) 



j=0 - '^j 
00 

j=0 
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By Holder inequalities and (125]) . ( EBj) . one has, for each j, 

This, together with M > 1 + - — ^ gives 

\\Ta\\P < C. 

The proof is complete. 

4.3 Spectral multiplier theorem on H^^{X) 

In this section, by the kernel KT{x,y) associated to a L^-bounded linear operator T we 
mean 

Tf{x)= f KT{x,y)f{y)dfi{y) 
Jx 

where Kt{x, y) is a measurable function and the formula above holds for each continuous 
function / with bounded support and for almost all x not in the support of /. 
Our main results are the following two theorems. 

Theorem 4.7 Let L be an operator satisfying {HI) and {H3), and w & Ai Ci RH 2 . 

2-p 

Suppose that s > "^^"^^ and for any R > and all Borel functions F such that suppF C 
[0,R], 

1^ < y^y^j^-l^ WWlli (25) 

for some q G [2, 00]. Then for any function F such that sup^^p ll^^t-^lliyj' < where 
6tF{X) = F{tX), \\F\\wi = - d^/dx'^y/^F\\Li, the operator F{L) Is bounded on 

Note that ( l25l) always holds for p = 00, see |DOS] . For further discussions concerning 
condition (125|) . we refer the reader to |DOS] . 

As a preamble to the proof of Theorem 14. 7[ we record a useful auxiliary result which 
is taken from |DUSt Lemma 4.3]. 

Lemma 4.8 Suppose that L satisfies l[25\) for some q G [2, 00], R > and s > 0. Then 
for any e > 0, there exists a constant C = C{s, e) such that 

jjKp(^^^{x,y)\'^{l + Rd{x,y)ydfi{x) < j^-i) W^R^Wwl^^ (26) 
for all Borel functions F such that suppF C [R/4,R]. 
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Proof of Theorem |^. ?[ • Since condition sup^^g ll^'^i-^llvFj' < oo is invariant under the 
change of variable A i— >■ A* and independent on the choice of 77, due to Lemma 13.111 it 
suffices to show that there exists e > such that for any [2M,p,w)-a.tom a = L'^^^b in 
H^^{X) the function 

a = F{VL)a 

is a multiple of {M,p, w, e)-molecule for M > | and some e > 0. 
By standard argument, fix a function (p G C^(|, 1) such that 

^(f){2~^X) = 1 for A > 0. 

Then, for < A; < M, one has 



j>jo 



r 



,2k 
B 



^2k 
B 



j<jo 

j>jo j<jo 



where b = L^^b and jo = ~ log2 ^-B- 
It is easy to see that 

||&i||l2 < rf^-^^V{B)'2w{B)-^''' and HfoslU^ < rf^'^^V {B)'^w{B)-^/p . 

Setting 

^ \f(A)(2-^A)2^V(2-^A) for j < jo, 
then we can rewrite fl271) as follows 



j>jo j<jo 

Since fl28|) converges in L^(X), we have for any k > 



(r 



(27) 



(28) 



^)'&I|l^{5.{b)) < rl' Yl l|i^.(v^)&ilU^(5,(B)) +r|'=22^-^^ ||F,(v^)62|U^(5,(iJ)). 



i>io j<jo 



Let us estimate ||Fj(A/L)6i||i2(5^(5)) for j > jo first. Since suppFj C [R/A,R] with 
R = 2^, applying Lemma [4.81 and Minskowski inequality, we have, for s > s' > > | 
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and k > 2, 

\\Fj{VL)h\\msUB)) 



LHSkiB)) 



1/2 



KF,iVL)i^^y)My)My) 

< ||6i||iisup ( / \Kp^,^Jx,y)\^dfi{ 

< \\hU2ViB)hnp ( [ |ir (^)(a:,i/)|X 

yeB\Jsk{B) 



1/2 



X sup 



yeB W5fc(B) 



1/2 



< Crf'-'^''V{B)wiB)-'/P{2-^^ ' r^jj sup 



< Crf^-^''V{B)w{B)-^/P{2-^^+''>'r%) sup 



1 



For j > jo, we have 



:T < C 



yes V^(y,2-^-)' 
V{B) ■ 



This together with ( !29l) yields 



Since w G Ai, we have 
Then, 

||F,(v^)6i|U2(s,(B))<Cr 



< Cr|*^-2V(5)i/2^(5)-i/P2-(^+'^)^'2-^'^°(2JrB)t 



ti?(2-'_«) 



(29) 



2M-2fc wjBy/'^ f^\l/2 / nwl/po-(.7+fc)^'o-s'.70 (^^^b) 

^ «;(2^-5)V2^^^^^ ^^^^ ^ ^ y^B^i 

< Cr|f'^-2/c^(2^5)k;(2'=5)-i/P2-'=(^'-'T)2(^'-^«)(t)-^'. 

Therefore, we have, for k = 0,1, . . . 

||F,(v^)6i|U.(5,(B)) < ||fei||L^(5.(B)) < C<^-^'=2-'=^r(2'=5)^«;(2'^5)-i 

with e = s' - |. 
Therefore, 



2k 



J2 \\F,iVL)hU.^s,m < C2-''rl^^V{2'^BY^w{2'B)-\ 



j>jo 
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This, together with the fact that sup^^g^ v(y\-3) — ^V(b) ^ — -^o gives 

j<jo 

It therefore follows that a = F{-\/lj)a is a multiple of (M, p, e)-molecule. The proof is 
complete. 

Theorem 14. 71 gives the boundedness on weighted Hardy spaces ^(X) for the spectral 
multipliers of a non- negative self adjoint operator satisfying Gaussian upper bounds (H3). 
However, there are certain operators satisfying (HI) and (H2) but not (H3) such as general 
Laplace-Beltrami operators on complete Riemannian manifolds. The following result 
shows that for suitable functions F, the spectral operators F{L) are bounded on wi-^)- 

Theorem 4.9 Assume that L satisfies conditions {HI) and {H2) and w E AiCi RH 2 . 

2-p 



Let F be a bounded function defined on (0, 00) such that for some positive number s > 
+ i and any non-zero function rj G 2) there exists a constant such that 

suph(-)F(t-)||H.|(M) <C,. (30) 



t>Q 

Then the multiplier operator F{L) is bounded on Hf^^{X). 

To prove Theorem 14.91 we need the following estimate in [DPj . 
Lemma 4.10 Let 7 > 1/2 and /3 > 0. Then there exists a constant C > such that for 

1+13/2 



every function F G W^f 1 «/2 o.iT'd every function g G L'^{X) supported in the ball B, we 



have 



[ |F(2^Vl),(x)P(^^^) V(a:) < C{rs2r'\\Fr^^^ JgWl^ 

Jd(x,x„)>2r„ ^ ' 



^ d{x,XB)>2TB 

for j G Z. 

Proof of Theorem \4 ■ 9[ The proof of Theorem 14.91 can be proceeded in the same line as 



Theorem 14.71 by replacing Lemma 14.81 by Lemma 14.101 We omit the details here. 
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